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ABSTRACT: We study analytically quasinormal modes in a wide variety of black hole space-
times, including d-dimensional asymptotically flat spacetimes and non-asymptotically flat
spacetimes (particular attention has been paid to the four dimensional cases). We extend
the analytical calculation to include first-order corrections to analytical expressions for
quasinormal mode frequencies by making use of a monodromy technique. All possible type
perturbations are included in this paper. The calculation performed in this paper shows
that systematic expansions for uncharged black holes include different corrections with the
ones for charged black holes. This difference makes them have a different n-dependence
relation in the first-order correction formulae. The method applied above in calculating the
first-order corrections of quasinormal mode frequencies seems to be unavailable for black
holes with small charge. This result supports the Neitzke’s prediction. On what concerns
quantum gravity we confirm the view that the In3 in d = 4 Schwarzschild seems to be
nothing but some numerical coincidences.
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1. Introduction

The stability of black holes has been discussed since researchers found that black holes
were shown to radiate and evaporate when we add in the ideas of quantum mechanics to
them [[ll, ] and hence people tried to make sure whether the black hole solution under
consideration was really a stable one of the classical theory. The pioneering work on this
problem was carried by Regge and Wheeler [[], who focused on analyzing the linear stability
of four dimensional Schwarzschild black hole. They found that one can use a Schrédinger-
like equation to describe the linear perturbations. This work was latter extended to many
other black hole solutions and is now known as the quasinormal modes (QNMs) which
can be described as a “characteristic sound” of black holes (A lot of investigation have
been made on this subject [|—[]). QNMs are excited by the external perturbations(may be
induced, for example, by the falling matter). They appear as damped oscillations described
by the complex characteristic frequencies which are entirely fixed by the parameters of
the given black hole spacetime, and independent of the initial perturbation [§]. These
frequencies can be detected by observing the gravitational wave signal [f]: this makes
QNMs be of particular relevance in gravitational wave astronomy.

Although the QNMs are important in the observational aspects of gravitational waves
phenomena mentioned above, there is suggestion that the asymptotic QNMs may find a
very important place in Loop Quantum Gravity (LQG). Recently Hod [[[0] made an inter-
esting proposal to infer quantum properties of black holes from their classical oscillation
spectrum . The idea was based on the Bekenstein’s conjecture [[1] that in a quantum theory



of gravity the surface area of a non-extremal black hole should have a discrete eigenvalue
spectrum. The eigenvalues of this spectrum are likely to be uniformly spaced. According to
the numerical values computed by Nollert [ff] and later confirmed by Andersson [[2], Hod
observed that the real parts of the asymptotic form of high overtones of a Schwarzschild
black hole can be written as:
2 — (20 + )i +1n3,
H

where T}y is the Hawking temperature. Using this conjecture and Bekenstein’s conjecture,
he obtained the Bekenstein-Hawking entropy for the Schwarzschild black hole. He also
showed that this approach is compatible with the statistical mechanical interpretation of
black hole entropy. Later, Dreyer [L3] noted that this is helpful for the calculation of the
so called Barbero-Immirzi parameter, a free parameter introduced as the Barbero-Immirzi
connection in the calculation of LQG. The only way so far that could be used to fix this

parameter comes from black hole entropy. Dreyer use the conjecture made by Hod, he
In3

27r\/§ :
“the appropriate gauge group of quantum gravity is SO (3) and not its covering group SU

(2)”. However, more recently Corichi [[4] argued that the LQG allows us to keep SU (2)
as the gauge group, and at the same time have a consistent description with the results

fixed the value for the Immirzi parameter by Using this value, he suggested that

of Dreyer. He reconsidered the physical process that would give rise to the quasinormal
frequency (QN frequency) as mentioned in [[[J]: an appearance or disappearance of a
puncture with spin jni,. Taking into account of the local conservation of fermion number,
Corichi obtained that “the minimum allowed value for the ‘spin’ of the resulting free edge
iS Jmin = 17: this agrees with the results of Dreyer. However, all this problems are far from
being resolved.

As mentioned in the above paragraph, the Hod’s conjecture was based on the numerical
results evaluated by Nollert []. People may think this agreement is just a coincidence.
Motl [[[§, [lf], however, confirmed analytically Nollert’s result by two different methods.
In ref. 1], the author used Nollert’s continued fraction expansion for the 4-dimensional
Schwarzschild and showed that the asymptotic QN frequencies are in good agreement with
Hod’s result. The monodromy technique was first introduced in [[Lf] to analytically compute
asymptotic QN frequencies and later extended in [[7], so that it can also be used in the
computation of d-dimensional asymptotically dS, AdS spacetime. A question, however,
produced as showed in [[[6, [[7] is that the suggestion in [[0} [3] was proved not to be
universal and be only applicable to the Schwarzschild solution. It is necessary to stress
that even if the ideas in [[[0, [[3] turn out not to be universal, it is still the case that QN
frequencies will play some role in the realm of quantum gravity, since the LQG is far from
being successful, and recent studies show that they have interpretation in conformal field
theory through AdS/CFT correspondence [I§—R1]. Moreover, the possible appearance of
In2 in the asymptotic frequencies [[[f] could support the claims [[[4] that the gauge group
of LQG should be SU(2) despite the In3 for Schwarzschild.

It is important to note that the behavior of QNMs for the lowest modes (frequencies
with a smaller imaginary part) is totally different from the one for the high overtone. We



have shown that the real part of the QN frequencies approaches some certain value as
the imaginary part approaches infinity. There has no such phenomena for the low-lying
modes. A question of particular relevance that immediately follows is what will happen
for the QNMs when the imaginary part has a middle value between these two extreme
cases, and why these two cases behavior so differently (the resolution of this problem
is helpful to deduce analytically the asymptotic value of the QN frequencies). Recently
Musiri and Siopsis 2, P3| have studied in detail about this question for Schwarzschild in
asymptotically flat and asymptotically AdS spacetime. Extending the technique introduced
in [[Ld] to obtain a systematic expansion including corrections in 1/4/w, they obtained the j
and [ dependence of the first correction for arbitrary j. Their results are in good agreement
with the results obtained by numerical methods in the case of scalar and gravitational
waves. However, they have discussed nothing about more general spacetime background,
such as the case of Reissner-Nordstrém (RN) black holes and higher dimensions. The main
purpose of this paper is to study analytically the first-order correction to the asymptotic
form of QN frequencies for more general sapcetime background. In this work we shall
make use of the remarkable results obtained by Ishibashi and Kodama (we refer the reader
to B4-P€] for detail on this subject). They studied in detail the perturbation theory of
static, spherically symmetric black holes in any space-time dimension d > 3 and allowing for
the possibilities of both electromagnetic charge and a background cosmological constant.
According to them, the perturbations come in three types: tensor type perturbations,
vector type perturbations and scalar type perturbations, and linear perturbations in d-
dimensions can be described by a set of equations which may be denoted as the Ishibashi-
Kodama (IK) master equations.

The organization of this paper is as follows. In next section we apply the monodromy
method introduced in [[[§] to the IK master equations expanded near the several singu-
larities in the complex plane to analytically compute both zeroth-order and first-order
asymptotic quasinormal frequencies for static, spherically symmetric black hole spacetimes
in dimension d > 3. Section 3 is the last section of the paper, where we have a discussion
about our results, listing some problems encountered in this paper. Some future directions
are also included in this section. The last section is our appendices. In appendix A we make
use of expanding the tortoise coordinate to first order at the singularities in the spacetimes
considered in this paper, providing a full analysis of the potentials at several singularities
in the complex plane, and obtaining a list of first-order IK master equation potentials.

2. Perturbative calculation of quasinormal modes

In this section we first review the perturbation theory roughly for spherically symmetric,
static d-dimensional black holes (d > 3), with mass M, charge ) and background cosmo-
logical constant A, and the computation of QNMs and QN frequencies. We refer the reader
to [ for more detail.

For a massless, uncharged, scalar field, ¥, after a harmonic decomposition of the scalar

fieldas U =3, rat Ye(r,t) Yo (0;), where the 6; are the (d — 2) angles and the Yy, (6;)



are the d-dimensional spherical harmonics, and a Fourier decomposition of the scalar field
Ye(r,t) = U(r)e™! | the wave equation can be decoupled as a Schrédinger-like equation

>
_EV) Ly )W) = wB(r), (2.1)
dr?
where r, is tortoise coordinate defined as dr, = % and V(r,) is the potential, both

determined from the function f(r) in the background metric. The potential V' (r,) depends
on the background space-time metric and the perturbative type (appendix [A]). For QNMs
we need some boundary conditions, so that

U(r,) ~ e“™ as r, — —o0,

U(r,) ~ e a5 . — +o0.

Using these boundary conditions and the monodromy technique, we shall show how
to calculate the asymptotic QN frequencies and their first-order correction in all static,
spherically symmetric black hole spacetimes (including asymptotically flat spacetimes and
non-asymptotically flat spacetimes). As an example, we may pay more attention to the
case of d = 4. For some cases, we shall list some corrected QN frequencies, so that we can

show it is a reasonable correction by comparing with the numerical results.

2.1 The Schwarzschild case

Although the perturbative calculation for the Schwarzschild solution in four-dimension
and higher dimension have been discussed in [PJ] and [P7], respectively, we first review it
roughly for completeness.

For Schwarzschild black hole, we have

2
fr)=1- 5,

with the roots

rn = |(2m) 7

o
exp<d7_m3n>, n=0,1,...,d—4.

The radial wave equation for gravitational perturbations in the black-hole background can
be written as

_dz\I’(r*)

72 + V[r(r*)]\ll(r*) = w?(r,)

in the complex r-plane.

As mentioned above, the boundary conditions are
U(r,) ~ eF™ as r, — Foo0,
assuming Re w > 0. Then we obtain

F(ry) ~ 1 as r, — 400,

F(T‘*) ~ Q2T gg Ty — —00, (2‘2)



if we rewrite the QNMs as F(r,) = ¢ W¥(r,). The clockwise monodromy of F(r,) around
the r = rgy can be easily obtained by continuing the coordinate r analytically into the

complex plane, i.e.,

2w
M(T‘H) =ekH s
where ky = % f'(rg) is the surface gravity at the horizon.
Near the black hole singularity (r ~ 0), the tortoise coordinate may be expanded as
dr 1 rd2 1 25

)7 T Td—22m 2d—s5@mE

Tx

where f(r)=1-— T%TS and m is the mass of the black hole!. When we define z = wr,, the
potential near the black hole singularity for the three different type perturbations can be
expanded , respectively, as (appendix [A])

w? 2 A [ 2\ (d=3)/(d=2)
Vi~ -z {1 - W (2) reoe b, (2.
where
Wsr j=0,
W)= Wsv j=2
Wss =0,

and the explicit expressions of Wgr, Wsy and Wgg can be found in appendix . Then
the Schrodinger-like wave equation (R.]) with the potential (P-3) wave equation can be
depicted as

_d—3
(Ho+w 211) w =0, (2.4)
where Hg and H; are defined as
P o[- W) -
= {V“}’ .

Taking into account of w — oo, the zeroth-order wave equation becomes
How ) =,
with general solutions in the form of

O = AL Tj(2) + AT pa(2), 25

In fact, one can relate it with the ADM mass M by

(d—2) Ag—2
M=—2"
887Gy ™

n+1
. . 2
where A, is the area of an unit n-sphere, A, = le’nH).
2




where and below J,(z) represents a Bessel function of the first kind. According to the
boundary conditions (P.2)), one can define

FO) = P () - e 2P0 ),
which approaches —e ™+ sin % as z — +00, where ap = %. Considering the behavior

of the wave function as z — —oo, we may deduce that

sin 3j7/2
M(ra) ~ = sinjm/2 "’

leading to the generic expression of d-dimensional QN frequencies as showed in [[L7]

% = (2n+ 1)wi + In(1 + 2 cos j7),

where Ty is the Hawking temperature.
Next we calculate the first-order correction of the Schwarzschild black hole spacetimes.
We first expand the wave function to the first order in 1/w(@=3)/(d=2) a5

1
— M
V="t —ama v

Then one can rewrite eq. (R.4) as
HoUW + 1, @ =0, (2.6)

The general solution of eq. (R.G) is

vy = cv /0 v O, 08 — co® /0 v 07,0, (2.7)
where C = —m, and the wave function \IJSS ) are

Tz
\IISS) = \/7Jij/2(z)'

Taking into consideration both the boundary conditions (R.2) and the behavior of wave
function F'(z) as z — +oo along the real axis, one may deduce

M(TH)N_sin?)jﬂ'/Z <1+ & - K >7

sin jm /2 w(d=3)/(d=2)

leading to the generic expression of d-dimensional QN frequencies expressed as

corry

(n + 1/2)@-3/@-2)"

w . .
o = (2n + 1)mi + In(1 + 2cos jm) +

where we have defined £4 = cppetiim/2 cy—, and

[ :C/ \IJES)Hl\IJES)
0



And K is defined as

6n—3
4

K = mBHom/4 e, sin(677 _ 37T) + 1€ cos( ) — fcos(677 _ 37‘(‘
where n = (d — 4)/2(d — 2) and & = &, +£_2.

For d = 4, we obtain the same result as [R7]

(L+1)+1— 3% sin(2jm)

24v/2(7)3/2 sin(3jm/2) T2(1/4T(1/4+ 5/2)0(1/4 — j/2).

corry = (1 —1)

The results above are shown to be dimension dependent and related closely to [ and j. It
is reasonable that these d-dimensional frequencies would indicate some information about
back ground spacetime and perturbation types as shown in lowest QNMs. It approaches
a constant for the real part of the QN frequency once we let n — oo as expected in the
literature [[(5, i, R§]. In addition, [RZ] showed that the results do agree with the result
from a WKB analysis [29], as well as the numerical results [[] for scalar perturbations and
gravitational perturbations, respectively.

2.2 The Reissner-Nordstrom case

Now we discuss the QNMs of the Reissner-Nordstrom(RN) d-dimensional black hole in-
cluding first-order corrections. The calculation for zeroth-order was first done in [[6], and
latter in [I7]. In order to state more clearly, we start with the zeroth-order calculation.
For Reissner-Nordstrom black hole, we have

2m q?
pu— 1 —_— — _
f(r) a3 T ;36

with the roots

1
rf:'(mi mz—qz)d_S

omi
exp<d7_m3n>, n=0,1,...,d—4,

where ¢ is the charge of the black hole3.
Again we define
F(r,) = e“™W(r,).

Then the clockwise monodromy of F'(r,) around the outer horizon r = r; can be obtained
by continuing the coordinate r analytically into the complex plane, i.e.,
27w

M(ry) =er+,

where ky = % f!(ry) is the surface gravity at the outer horizon.

2Throughout this work we have the same definitions for o+, c+, £+, &, and C.
30ne can relate it with the charge @ by

(d-2)(d—3)¢

2 —
Q= 871Gy



Near the black hole singularity (r ~ 0), the tortoise coordinate may be expanded as

_ dr B 1 T2d_5+ om 3-8
) f(r) 2d—5 ¢ 3d—8 ¢t

Ty +-ee (2.8)

One can easily learn from (P.§) that r. — oo as ¢ — 0. In fact, in our procedure for

expanding (R.§), we have assumed TL_ < 1. As a result, instead of expanding potential to
0

the first order in 1/w(¢=3)/(24=5) " we must expand it in 1/ [(ry )% 5w] (@=3)/(4=5) Aoy
defining z = wry, the potential for the three different type perturbations can be then
expanded, respectively, as (appendix [])

2 ) . L\ (@-3)/(2d-5)

where
WgrNT  J =T,
W) = Weyve  J =y,
Wrns+ J = Js+,

and the explicit expressions of WrnT, Wrny+ and Wryg+ can be found in appendix [l
Then the Schrodinger-like wave equation (R.1]) with the potential (P.9) can be depicted as

_d-3
<Ho + [(rg)m—f’w] e H1> U =0, (2.10)
where Hg and H; are defined as
@ [1-57 W () —gi=
Mo =3z { 122 “] =

Taking into account of w — oo, the zeroth-order wave equation becomes
Ho¥'® =0,

with general solutions in the form of eq. (R.5). According to the boundary conditions (£.9),
one can define
FO() = P () - e PO ),

which approaches —e ™+ sin ]7” as z — 400. This holds at point A in figure [. By going

21
2d—5
rotates through an angle of 27 in z-plane, leading to the wave function

around an arc of angle of in complex r-plane (rotating from A to the next branch), z

FO)(e2miy) = 1 |:62iz (e3m+ _ e—ijw/Qesm,) 4 <e5m+ _ e—z‘jw/QeEJm,)} _ (2.11)
2

As one follows the contour around the inner horizon r = r_, the wave function will be of
the form

FOGE-6) = A, FO%-6) - A F9% - ),

4All figures in this paper are provided by J. Natario and R. Schiappa in [@



I
A contour

Ty o Stokes line

Figure 1: Stokes line for the Reissner-Nordstrom black hole, along with the chosen contour for
monodromy matching, in the case d = 6 ( we refer the reader to [@] for detail, and a more complete
list of figures in dimensions d =4,d=5,d=6and d=7).

where . .
2w W

RiER
and k_ = % f!(r_) is the surface gravity at the inner horizon. Notice that z —§ < 0 on this
branch, one can easily obtain

FOG _§) = % [622‘(2*5) (Ape™ — A_e™) 4 (Aje o+ — A,e’m—)] , (2.12)

where we have used

2 v
Jl,(z)zwgcos(z%—?ﬂ—i—%), z < —1.

Since on the same branch, we must let F'(0)(z —§) = F(0)(¢?72), and hence it is easily seen
from eqs. (R.11]) and (R.19) that we must have

63wz+ _ 6_”71—/2632047 — A+eza+6—215 — A _gla- 6—226’

edlat efz]w/265za_ — A+efza+ _ At
Then we obtain

A, =229 cos % _ in35 sin(3im/2)

sin(jr/2) "’
A =2e%0¢im 5 cos T _ B M (2.13)
2 sin(jm/2)

Finally, we must rotate to the branch containing point B. This makes z — § rotate through
an angle of 27, leading to the wave function

3

2)'

FO) (2™ (5 — §)) = 2e¥0 i+ COS(%) sin(jr) + e+ sin(



Consequently, we deduce that

2Tw

e*+ = =21 + cos(jm)] — (1 4 2cos(jm)), (2.14)

which agrees with the result shown in [[7.
Next we compute the first-order correction of the asymptotic QNMs of the d-dimen-
sional RN black hole using the monodromy method. The same reason as mentioned above,

we must expand the wave function to the first order in 1/ [(ry)?* 5w] (@=3)/(2d=5) g

1
[(7"0_ )2d—5w:| (d—3)/(2d—5)

¥ =u0 4 o),

Then one can rewrite eq. (R.10)) as
Ho¥W + H, 9O =0,

The general solution of this equation, as mentioned in the last subsection, is

xpgi):c\p(f)/ \I/(_O)Hltllf)—cllf(_o)/ v, 0). (2.15)
0 0

The behavior as z > 1 is found to be
U0 (2) ~ ey cos(z — ay) — can cos(z —a_).

After defining

() 1 @
U="0y+ [(TO—)Qd—Sw] (d—3)/(2d—5) vy

—igm/2 1 § (0) L 1
‘ (1 [(TO_)Zd—sw] (d—3)/(2d—5)> (ll]_ + [(To_)zd_E’W] (d—3)/(2d—5) v > ’

and using boundary condition (R.2), one finds that the wave function F(z) approaches

o . T &
F(z) ~ —e "% sin — [1 - F Ry ICE ] ,
2 [(ra)Qd*5w]( )/( )

as z — OQ.

The function ¥4 defined in (.15) follows that
\I,;l) _ zlij/H"Gi(z),

where n = —1/(4d — 10), and G4 (z) are even analytic functions of z. By going around an

arc of angle of 2§f5 in complex r-plane (rotating from A to the next branch), z rotates

through an angle of 27 in z-plane, leading to the wave function

eiﬂ(2+j+2n)

2w\ 1p(0) ¢ 2mi
F(e*™2) = FO(e*™2 +[(r0_)2d_5w](d_3)/(2d_5)

x [FV(2) = 702 (PO (z) — gm0 PO )]

,10,



As one follows the contour around the inner horizon r = r_, the wave function will be of
the form

F(z—08)=A,F (2—0)— A_F_(z—90),

where again
5= 2wt wmi
o) R
and k~ = % f/(r_) is the surface gravity at the inner horizon. For highly damped QNMs
(w > 1), approximately, we have

A, =A,, A_=A_.

Finally, we must rotate to the branch containing point B. This makes z — § rotate through

an angle of 27, leading to the wave function

) 4 1 : :
F(e27rz(z o 5)) _ 622(276)3 + 5 (A+631a+ _ A_eBZa_)

627)7”

— — A+§+e3m++A_§_e3m— +A_§ef2mrie3ia_ ,
2[(ry)24-5u] (d—3)/(2d-5) [ ]

where B is a constant which is not needed in our calculation because €29 — ( as
z — —oo. Consequently, as one uses the explicit expression of A; and A_ in eq. (2.13),
we deduce that

F(€2m(Z _ 5)) _ 262256 o <‘7_7T> sln(]ﬂ') 1—
: (75 5] VO

+e " sin <3]_7r> 1-— Ky
2 [(7“07)2d*5w] (d=3)/(2d=5) |’

K, = emH3/2)[¢ | sin(nr) — € cos(nm) cot(jm) + i&_ cos(n)],
Ky = ™ 03/2) ¢ sin(nr) — € cos(nm) cot (jm/2) + i€ _ cos(nm)].

where

Finally, we have

21w

e o 28 , - — Ky
et = —2e"°[1 + cos(jm)] <1+ (o 5] (d3)/(2d5)>

. & — K
—[1 4 2cos(jm)] <1 + (g )24-50] (d23)/(2d5>> ’

leading to the generic expression of d-dimensional QN frequencies

= A - S
e +2e Tu [1+ cos(jr)] (1 + (g )25)] (ds)/(2d5>>

. (&K
+[1 + 2 cos(jm)] (1 + o (dé)/@“}) =0,

— 11 —



where TIJ{r and T represent the Hawking temperature at the outer and inner horizons
(notice that T < 0).
For d =4, jp = jg+ = 1/3, jy+ = 5/3, one obtains

eTi 43¢ T (1-%) +2<1—M> =0,
7'0 w w

where

1+\fz 14+ +/3i

6 — & +VBeot(Gm)l, £2= = [es — &+ V3cot(jn/2)]

& =

In the case of ¢ < m, one has —T% — 0, which leads to

H

(V3 —i)(&1 + &)

Y~ (2n+ D) +log5 —

T 55 [(5n + Dk ] /5
In the case of ¢ — m, one has -+ ~ — -, which leads to
T Ty,

(V3 —i) (& — 4&)
-

w
20+ Dmi — log2 .
T~ B D oe 2 i/

In other cases, approximately, one has

TF o To (vV3-i)& (V3 —1)& _
e'n +3e 'u <1 — lGn T 4)k+]1/3> +2 <1 — lsn +4)k+]1/3> =0, (2.16)

In order to obtain an explicit expression of £; and &, we need the integral

D(2)r (A2
)T

J (v, 1) E/ dzz"23,(2)J,(2) = - — .
“ (4t ;5/3)““ ;5/3)

0 \3/— (V u+5

As a result, we obtain

& = #322) | 7G/2,3/2e7 = 7(i/2,—3/2)] |
_ () , oo idT ; ;
= W [j(_]/27_]/2)6 /2_u7(]/2a_]/2)] 9
Immediately, one has
£ = - D) o) (o it -+./2)0(1/6 — 4211/
V3 =)W (j . ;
& = —W -T(2/3)T(1/6 + j/2)(1/6 — j/2)I'*(1/6).

In this way, one can easily obtain the value of QN frequencies in eq. (R.16). For
tensor type perturbations, Wryr = 0, so & = & = 0, leading to the same results as
the zeroth-order asymptotic QN frequencies. However, it seems unavailable for scalar

- 12 —



type perturbations, since in this case we have j — 1/3, which may induce the integral
J(—1/3,—1/3) approaches infinity. It is interesting to investigate this problem in detail.
Is there any other methods can avoid this singularity? For vector type perturbations , we
have j — 5/3, which lead to

& ~ 0,
&y ~ (0.3734 — 0.2156) (1 /9 + 400+ 1)g% — 8q2) (1—/1—¢q2)g 3,

with m = 1. From here we find: (1) in order to insure ry [(8n +4)k,]'/3 > 1 as one calcu-
lates the QN frequencies of the first-order correction, the imaginary part of the frequencies
(‘or the modes n) needs bigger values for a black hole with small charge, since r; ~ @ —0
as ¢ — 0. This confirms the prediction made by Neitzke in [B(]: the required n diverges
as ¢ — 0, and the corrections would blow up this divergence; (2) just like the case of
zeroth-order QN frequencies, the ¢ — 0 limit of RN corrs does not yield Schwarzschild

2 as we shall see in the following;

corry, and the same thing happens in the limit of ¢2 — m
(3) the first-order correction to the asymptotic QN frequencies are shown to be dimension
dependent and related closely to ¢, j, and the charge ¢.

QN frequencies of RN black holes were calculated numerically by Berti and Kokkotas
in BI]. They found that very highly damped QNMs of RN black holes have an oscillatory
behavior as a function of the charge. Their results have a good agreement with the zeroth-
order analytical formula (R.14)). However, it is necessary to perform further checks to our

first-order corrected results both in four and higher dimensional black hole spacetime.

2.3 The extremal Reissner-Nordstrom case

Now we discuss the QNMs of the extremal Reissner-Nordstrom d-dimensional black hole
including first-order corrections. The calculation for zeroth-order was done in [[7], where
they found that the g> — m? limit of RN QN frequencies does not yield extremal RN QN
frequencies. In this case, the outer horizon approaches the inner horizon.

Again we define

F(ry) = e“™W(r,).
Then the clockwise monodromy of F(r,) around the horizon r = ry can be obtained by

continuing the coordinate r analytically into the complex plane, i.e.,

27w

M(rg) =€ Fo |
d—3)2
where kO = W .
Near the black hole singularity (r ~ 0), the tortoise coordinate may be expanded as
dr 1 25 2 p3d-8
T + +oee

) F(r)  2d—5 m2 ' 3d—8 m3

Again, when we define z = wr,, the potential for the three different type perturbations can
be expanded, respectively, as (appendix [A])

V] ~ = {1 — 2 =W(j) (3)(d_3)/(2d_5) +o } : (2.17)

w
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I
A contour

Stokes line
T @

Figure 2: Stokes line for the extremal Reissner-Nordstrom black hole, along with the chosen
contour for monodromy matching, in the case d = 6 ( we refer the reader to [@ for detail, and a
more complete list of figures in dimensions d =4, d=5,d=6and d=7).

where

Ieﬁ\/T J=Jr,

W) = Wikve I =Jv=,
Winss J = Js*,

and the explicit expressions of Wiy, Wigiy,+ and WEL oo can be found in appendix Al

Then the Schrodinger-like wave equation (P.I)) with the potential (R.17) can be depicted as

<H0 + w 2651:35 Hl) U = 0, (218)
where Hg and H; are defined as
@ [1-5 W () —gi=t
- 1 — 2d—5 |
Ho 722 + |: 122 + ] , Hi 1 z

Taking into account of w — oo, the zeroth-order wave equation becomes
How® =0,

with general solutions in the form of eq. (R.5§). According to the boundary conditions (£.2),
one can define

FOz2) = P (z) — e 120 (),

which approaches —e ™%+ sin ]7” as z — +o00. This holds at point A in figure | By going
5

505

an angle of 57 in z-plane, leading to the wave function

around an arc of angle of

in complex r-plane (rotating from A to B), z rotates through

F(O)(e5“iz) = —e " gin 5]777

— 14 -



Consequently, we deduce that

2w Sin E)']Tﬂ—
ek = —
sin 2%

2
leading to the generic expression of d-dimensional QN frequencies

% = 2nmi + In(1 + 2 cos jm + 2 cos 2j7),

where T = 2nky.
Next, we calculate the first-order correction to the asymptotic frequencies. Again we
expand the wave function to the first order in 1/w(?=3)/(24=5) aq

1

R /1€ )
(d—3)/(2d—5) v

v =u0 4
Then one can rewrite eq. (R.18) as
HoW W +H, 9@ =0,
The general solution of this equation, as mentioned in the last subsection, is
v =y /Olef(o)m\lff) —co? /0 VARV AN (2.19)
The behavior as z > 1 is found to be
\I’(il)(z) ~c_ycos(z—ay)—cypcos(z—a).

After defining

() 1 (1)
U=+ w(d—3)/(2d—5) vy -

R EILY S SR 7 (O NS SN 1C
€ <1 w(d3)/(2d5)> (‘I' + @ eas - ) ’

and using boundary condition (R.2), one finds that the wave function F(z) approaches

B L =
F(z) ~ —e™"** sin 5 [1 7w(d3)/(2d5)} ,

as z — OQ.

The function \If(il ) defined in (B.19) follows that
\Il(il) = zlij/2+’7Gi(z),

where n = —1/(4d — 10), and G4(z) are even analytic functions of z. By going around

an arc of angle of 232 in complex r-plane, z rotates through an angle of 57 in z-plane,

leading to the wave function
F(e5”z) — e 2izp % (egia+ _ efijw/ZeQia_>

+ —i§+€92a+ — i 671]7T/269m{_ + 6675777r2672j7r/2691a_

)

65777ri
2w(d=3)/(2d=5) [

,15,



where B is a constant which is not needed in our calculation because e “2%* — 0 as z — +00.

Finally, we have

21w

. , " &K
e % = [1+4 2cos(jm) + 2 cos(2jm)] (”W)’

» 1 1 j
K — e(17+10n)mi/4 [§+ sin <3 +4 0777T> — €£cos <3 +4 0777T> cot <5]T7T>

3+10
—H'{_cos( +4 777'('):|,

leading to the generic expression of d-dimensional QN frequencies

where

w o , , o corry
7= 2nmi + In[1 + 2cos(jm) + 2 cos(257)] + e

For d = 4, one obtains

J3i
4k

In order to obtain an explicit expression of corry, we need the integral

[\f £, — V36 —5cot(5jw/2)] . (2.20)

corry =

Y L3045
\7(’/7/1’):/0 dzz JV(Z)JM(Z): \3/— (1/ u+5/3 ) (H+V;5/3)P(M*V;5/3).

As a result, we obtain

& = % | 7G/2,3/2e% = 7 (j/2,3/2)]
&= % |T(=i/2,=/2)e 5 — 7 (/2.=/2)|

Immediately, one has

W (4) cos 5% — cos 7” — (1 —+/3i) cos ?”Tﬂ

5 Akom? sin j; sin 5j27r

T(2/3)(1/6 + 57/2)['(1/6 — j/2)T'%(1/6).

corry = —

In this way, one can easily obtain the explicit expression of corry of eq. (R.20)). For tensor
and scalar type perturbations, Wgi,r = Wiiigx = 0, so corry = 0, leading to the same
results as the zeroth-order asymptotic QN frequencies. For vector type perturbations , we
have ;7 — 5/3. Strangely, this also leads to corry — 0. It is interesting to investigate
whether the first-order corrections for any d > 3 extremal RN black holes have a same
behavior — they all approach zero, independent of the dimension. Another point is that in

2

the limit of g> — m?2, corry of RN black hole does not approach zero — they have different

correction terms.

,16,



2.4 The Schwarzschild de Sitter case

Now we compute the quasinormal modes of the Schwarzschild dS d-dimensional black
hole including first-order corrections. We start with the zeroth-order calculation. For
Schwarzschild de Sitter(SdS) black hole, we have

with the roots

* * ~
Tn:T'H,?”C,?"l,'l"l,...,T%,Tdle,?",
2

where A > 0 is the black hole background parameter related to the cosmological constant

A by

A= %(d _1)(d—2)\,

and r; represents the conjugate of r,,. Here we have defined

(d—4)/2

F=—\|rg+rc+ Z (ri+r7)
i=1

The clockwise monodromy of ¥(r,) around the event horizon r = 7y and the cosmological
horizon r = r¢ can be obtained by continuing the coordinate r analytically into the complex
plane, respectively

where kg = % f'(rg) and ko = 3 f/(r¢) are the surface gravity at the event horizon and
the cosmological horizon, respectively.
Near the black hole singularity (r ~ 0), the tortoise coordinate may be expanded as

dr 1 pd2 1 p2d-5

)T T d—22m  2d-s@mE

Tx

After defining z = wry, the potential for the three different type perturbations can be
expanded, respectively, as (appendix [])
w? ) 2\ (d-3)/(d~2)
~ 1—‘—W'<—) S 2.21
Vi~ g {17 - w0 2 o) (2.21)

where

WsasT J = Jr,
W(j) = Wsasv j = jv,
Wsass J=Js,

,17,



Im y Stokes line
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. B contour
T TH rc Re
: A
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Figure 3: Stokes line for the Schwarzschild de Sitter black hole, along with the chosen contour for
monodromy matching, in the case of dimension d = 6 ( we refer the reader to [L7] for detail, and a
more complete list of figures in dimensions d =4, d=5,d=6and d=7).

and the explicit expressions of Wggsr, Wsasy and Wegsg can be found in appendix [l
Then the Schrodinger-like wave equation (P.1)) with the potential (.21]) can be depicted as

d—3
(Ho+w 2r) w =0, (2.22)
where Hg and H; are defined as
@ [1-5 W) =
HF@*[ 122 “}7 Th=—mme

Obviously, the zeroth-order wave equation can be written as
Hov'© =0,

with general solutions in the form of

Tz w4
O (z) = Apy 7%’/2(2) + Af\/ E‘Ljﬁ(z)'

As one lets z — +o00, the wave function approaches

iz —iz

\IJ(O)(Z) ~ (14_|_efm+ + A_efm—) % + (A+eia+ + A_em—) €

This holds at point A in figure . By going around an arc of angle of % in complex
r-plane (rotating from A to B), z rotates through an angle of 37 in z-plane, leading to the
wave function

iz —iz

TO) (2) ~ (A+e7ia+ +A_e7ia_) % + (A+e5ia+ +A_e5ia_) GT

,18,



Consequently, we have

A+e7z’a+ +A_e7ia_
A+efia+ _i_A_efia_

A P L A b0 _mw_mw
A cor T A g ¢ 0= M(ra)M(re). (2.24)

et TR = M(rg)M(ro), (2.23)

Taking the condition for these equations to have nontrivial solutions (A, A_) into account,
one may easily obtain the final results as

cosh <M - M) + (1 + 2cos jm) cosh (— + E) = 0. (2.25)
ke knm ko ke

As discussed in ref. [[L7], the Stokes lines for d = 4 and d = 5 are a bit different from the
case discussed in the previous calculation for d = 6. On account of the behavior of r ~ oo,
they found that the final result for d = 4 is the same as eq. (R.25)). However, the result for
d = 5 is changed. For 7 ~ oo, the coefficient of ¢~%* in the formula of the wave function
keeps unchanged, while the coefficient of e?* in there reverses sign as one rotates from the
branch containing point B to the branch containing point A in the contour. Therefore one

can complete this calculation by reversing the sign of eq. (R.23). In the end, we obtain

sinh <% - %) + (1 4+ 2cos jm) sinh <E + %) = 0.

Next, we calculate the first-order correction to the asymptotic frequencies. Again we
expand the wave function to the first order in 1/w(@=3)/(4=2) a5

1

B S
RN

v =u0 4
Then one can rewrite eq. (R.22)) as
How® + 1,00 = 0.

The general solution of this equation is

@Q:cﬁﬁ/\ﬂ%ﬁmf—cm@/ﬂngNQ? (2.26)
0 0

The behavior as z > 1, as mentioned above, is found to be
U0 (2) ~ ey cos(z — ay) — can cos(z — a_).
After defining
d—3
Ayt =Cyyw -2, upr=1xay_,

one finds that the wave function ¥(z) approaches

Q‘

-3

=g )(z)
-)

cos(z—ay)+ (A_u_ — Ajraqq)cos(z —a-)

Q‘

U(z) = 0O (2) 4 w™
(A+U+ + A a_—
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= [(Avuy +Aca_)e™™ ™ + (Aus — Ayagy)e "] % +
[(Avuy + A_a_)e'™ + (Au- — Ajagy)e’™] eT

as 2z — OQ.

The function \If$ ) defined in (B.2G) follows that

\IIEI:I) _ Zl/2ij/2+nGi(Z),

where n = (d—3)/(d—2), and G4 (z) are even analytic functions of z. By going around an

arc of angle of % in complex r-plane, z rotates through an angle of 37 in z-plane, leading

to the wave function

- p . . 3Inmi iz

U(z) ~ [(Apvy + A_a__e 30T 4 (A v — A+a++e3””)e7m—] £ 5 ¢
. . . . Inmi ,—iz
[(Ajvy +A_a__e 39m)e™ ™t 4+ (A_v_ — Apayqe®m)ed | £ ° 26

as z — —oo. Here we have defined v+ = e 3" +a, . We hence have the similar formulae

as shown in (R.23) and (2.24), i.e.,

(A+U++A_a__673ij7r)e7ia+ +(A_U__A+a++e3ij7r)e7ia_
(Ajuy +A_a__)e o+ + (A_u_ — Ayaqq)e '

ekn ko 2673"”1'/\/1(7“1{)/\/1(7‘0), (2.27)

et Re = eI M(rg)M(re). (2.28)

In this way, one can easily obtain a set of equations with regard to A, and A_

7 _2mw . i _ 2w
<sle " _g9e ko w‘*) Al + (836 - e ko w‘*) A_ =0,
5i 27w . 5 2w .
<35e Y gge FH ew“r) Ar + (876 - ggekH em“) A_ =0,
where
_ign, 3 ijm
s1= (vp —ayqe” 2 )™, sop=(uy —aqqe ),
igm _ym
s3= (v_+a__e2)ed  sy=(u_+a__e 2),
Ym .\ 3nmi —im
s5 = (v4 —ajpye 2 )e”™™, 56 = (uy —aypie” 2),
. g
s7=(v_+a__e 2)e¥M sy =(u_+a__e?)

The condition for these equations to have nontrivial solutions (A4, A_) is then

7 _ 27w . 7i _ 21w .
51t —s9e Fo et s3e" —s4e FC e
5i 2w 5i 2Tw - 0
s5e'Yt — sge hH 'Yt s7et%~ — sgekH -
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After some algebra, we obtain

h{——-—+A h{—+—+A = 2.29
Aj cos </€C kH+ >+A2cos </<: +/€C+ 2> 0, ( )

where

i _im im _im
81876 2 — 8385 2 ) <8486€ 2 — 898ge 2 ),

3igm _ 3w 3igm _ 3ym
81886 2 — S3S¢e 2 S4S5€ 2 — SgS7e 2 s

&
| Il
Hl\')lb—‘&&

_ym igm _ym
Al = [log (81876 2 — $3S85¢” 2 > — log <8486€ 2 — S98ge” 2 ﬂ ,
3ijm _ Bijm 3ijm _ Bijw
Ay = 3 [log (81886 2 — 838¢€ 2 ) — log (84856 2 — S987€ 2 ﬂ .

For zeroth-order asymptotic QN frequencies, one has a+4 = 0, and hence uy = 1 and
vy = e 3™ As a result, formula (R.29) reduces to (R.25).

As mentioned formerly, the Stokes lines for d = 4 and d = 5 are a bit different from
the case discussed in the previous calculation for d = 6. Resorting to the behavior of
r ~ o0, one finds that the final result for d = 4 is shown to be the same as eq. (R.29).
However, the result for d = 5 is changed. For r ~ oo, the coefficient of e ~%* in the formula
of the wave function keeps unchanged, while the coefficient of €?* in there reverses sign as
one rotates from the branch containing point B to the branch containing point A in the
contour. Therefore one can complete this calculation by reversing the sign of eq. (£.27)). In

the end, we obtain

AlSll’lh <E _kj_+A > +A281nh <kj_+kj_+A2> =

For d = 4 SdS black holes, one has r¢ > rg as 0 < A < 1, as a result, one has
kx> kc. In this case, we can neglect ko compared to k. Taking eq. (2.25) into account,
one finds the asymptotic QN frequencies in this case is the solutions of this formula

W —
ekc +e kc = 0.

So, we have 7“3—0 = (2n + 1)wi. However, as one lets A approaches its extremal value, i.e.,
A — 1/27 (with m = 1), one has kg ~ k¢. So, in this limit, we can obtain the asymptotic
QN frequencies by solving this formula

e2kc + e e = 0,
which in turn derives :;"—C = %(Qn + 1)mi, where T¢ is the Hawking temperature at cosmo-
logical horizon. This reminds us to conjecture that the frequencies have values between

these two extremal values, i.e.,

1
el x(2n + 1)mi + Re w, —<x<l1, (2.30)
Tc 2
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where y is a parameter closely related to the cosmological constant . In fact, it would
be an interesting work to investigate the relationship between these two parameters, by
analytical methods or numerical ones. Re w is the real part of the frequency.

In order to obtain the explicit expressions of A1, Az, A1 and As, we need the integral

VAT (M)

dzz_l/QJV 2)J,(2) = .
/ ( ) M( ) F(V—MS—B/Q)F(M+V;—3/2)F(M—V;‘3/2)

0

As a result, we obtain

s1=1-2U(j <cos “— —sin sg =1—2iU(j) <cos ‘%r - sinj—w> ,

Jm
2 2
s3=1—2iU(y <cos——|—51 —7T>

2 )
sy =1-=2U(j <COS——SI g) s¢ =1+2U(j (COS——SI ;)
Jgm
2

s7=1=-2U(j COS—+SI %) ss =1+2U(j

sa=1-2iU(y <cos “— +sin %) ,

cos — + sin

where .
W)
3213/2,/(2n + 1) xkc

U(g) = P*(1/4)0(1/4 +j/2)0(1/4 = j/2).

After some algebra, we obtain the explicit expressions of Aj, As, A1 and Ay in terms of
o(1/v/n)
g

A; ~ 2isin o>

Y
Ay ~ 2isinJT7T [1 —2iU(j) (cosjﬂ/2+ 1+ 2cos jm

Al x~ 0,
Ay ~ 2U(j) (COSjﬂ'/Q +

cos 357 /2 >]

cos 357 /2 )

14 2cosjm

All type perturbations, including tensor and scalar type perturbations (j — 07), and
vector type perturbation (j — 2) have a same behavior that A; and Ay approach zero in
the limit. This makes eq. (R.29) automatically satisfied. As shown in [[L7], we first regard
j as nonzero, then take the limit as 7 — 0. In the end, eq. (.29) becomes

TW W mw 7w 8U(j)

cosh (E - E) + (3 — 8iU(j)) cosh (kH ot T) ~0. (2.31)

Inserting the expressions of W (j) (see appendix []), we can easily obtain the explicit
expression of U(j). In this way, the first-order correction to asymptotic QN frequencies
of SdS black holes can be obtained by evaluating eq. (R.31)). The result show that the
correction term is closely related to ¢, A (though the parameter y and k¢), and of course, n.

Numerical calculation on this case for very highly damped overtone first appeared
in [BJ and later in [BJ]. An analytical formula for four dimensional case was deduced
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in [B4). They found that the analytical results are in good agreement with the numerical
results. However, it is interesting to perform further checks to our first-order corrected
results both in four and higher dimensional black hole spacetimes.

2.5 The Reissner-Nordstrom de Sitter case

Now we compute the quasinormal modes of the RN dS d-dimensional black hole including
first-order corrections. We start with the zeroth-order calculation. For RN de Sitter black

hole, we have
2m 7 2
=1— —— 4+ —— — \r?,
f(r) I B 7
with the roots

* * ~
Tn =T4,T—,TCyT1,T1y- s Td—4,Tq—4,T,

where A(> 0) is the black hole background parameter related to the cosmological constant

A by

A= %(d _1)(d=2)\,

and 7} represents the conjugate of r,,. Here we have defined

d—4
F=— <r++r+rc—|—2(ri+r;‘)>.

=1

The clockwise monodromy of ¥(r,) around the outer horizon r = r; and the cosmological
horizon r = r¢ can be obtained by continuing the coordinate r analytically into the complex

plane, respectively

Tw
M(T‘+) = ef+,
—TTw

M(rg) = eFo,

where ky = 4 f'(ry) and k¢ = 3 f/(r¢) are the surface gravity at the outer horizon and the
cosmological horizon, respectively.
Near the black hole singularity (r ~ 0), the tortoise coordinate may be expanded as

_ dr 1 p2d=>5 . om 3-8
) f(r) 2d-5 ¢2 3d—8 ¢t

Tx

_|_...’

1
In this procedure, we have assumed % < 1, where 7, = <m —\/m?2 — q2> d_g, represents
the inner horizon of the RN black hole. Again we must expand the potential to the first
order in 1/ [(ry )% 5w] (@=3)/Qd=5) ynstead of 1/w(d=3)/(24=5) — After defining z = wr,,
the potential for the three different type perturbations can be expanded, respectively, as
(appendix [A])

2 \ , ; (d=3)/(2d4-5)
V[Z]N—E{l—] - W) (m> +} (2.32)
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where

WeNasT — J = Jr,
W) = { Wrnasv+ = Jv+,
Wenasst 7= Js*;
and the explicit expressions of WrnasT, Wgryasv+ and Wrygss+ can be found in ap-

pendix [A]. Then the Schrodinger-like wave equation (P.1]) with the potential (R.32) can be
depicted as

_d-3
<H0 + [y 2] Hl) =0, (2.33)
where Hg and H; are defined as
d? 1-— j2 W(j) _zd=z
H():@ |: 122 +1:| , le—TZ 2d—5 |

Obviously, the zeroth-order wave equation can be written as
Hov© =0,

with general solutions in the form of

Tz w4
O (z) = Apy 7%’/2(2) + Af\/ E‘Ljﬂ(z)'

As one lets z — 400, the wave function approaches

¥ —iz
e

TO)(2) ~ (A+e_io‘+ + A_e—iocf) % 4 (A+eio‘+ —l—A_em*)

(2.34)

This holds at point A in figure | By going around an arc of angle of 25—:,’ in complex
r-plane (rotating from A to the next branch), z rotates through an angle of 27 in z-plane,
leading to the wave function

2 —1z

\1;(0)(2) ~ (A+e3i"‘+ +A763ia,) % + (A+65ioc+ +Aie5m,) GT

As one follows the contour around the inner horizon r = r_, the wave function will be of

the form
[7(z —0) [7(z —0)

where , )

_ 2wmi wmi

o)k
and k_ = 3 f/(r_) is the surface gravity at the inner horizon. Notice that z — & < 0 on this
branch, one can easily obtain

et(z=9) —i(z—9)

O (z—8) ~ (Bye*t + B_e"") + (Bye "t + B_e ") c (2.35)

2 )
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Figure 4: Stokes line for the Reissner-Nordstrom de Sitter black hole, along with the chosen
contour for monodromy matching, in the case of dimension d = 6 ( we refer the reader to [E] for
detail, and a more complete list of figures in dimensions d =4,d=5,d=6 and d=T7).

2 < +mr+7r>
—cos|(z4+ —+—
V 7z 2 4/’

Since on the same branch, we must let ¥(©)(z —§) = W0 (¢?72), and hence it is easily seen

from eqs. (P.34) and (P.3F) that we have

where we have used

Ju(2) z << —1.

A+63ia+ + A eBia_ (B+eia+ + B eia_ )672‘6,
A+65ioz+ + A 652‘047 — (BJre—iour + B,G_iOL )ei(s‘

(2.36)
(2.37)

Finally, we should rotate to the branch containing point B. This makes z—¢ rotate through
an angle of 27, leading to the wave function

w0 _g) (Byeo+ + B_ebio- el==0) iovy 3ia_\ € G0
~ (Bye + B_e ) 5 + (B+e + B_e ) 5
Consequently, we have
B+e5ia+ +B_e5ia_ o mw mw
Ajemior + A et Pelr e = M(ri)M(re), (2.38)
B 3oy B_ 3o rw 7w
€ DO bR = M )M(re). (2.39)

A+eia+ _|_A76ia_

Taking the condition for these equations (R.36)—(R.39) to have nontrivial solutions (A, A_,
By, B_) into account, one can easily obtain the final results

W

+2(1 + cos(jm)) cosh <— +

h

,25,

(H - E) + (1 + 2cos(jr)) cosh <H

W

L
ke

W
) =o.
+kc)

2w

o (2.40)



As discussed in ref [[7], the Stokes lines for d = 4 and d = 5 are a bit different from the
case discussed in the previous calculation for d = 6. On account of the behavior of r ~ oo,
they found that the final result for d = 4 is the same as eq. (R.40]). However, the result for
d = 5 is changed. For r ~ oo, the coefficient of e~%* in the formula of the wave function
keeps unchanged, while the coefficient of e?* in there reverses sign as one rotates from the
branch containing point B to the branch containing point A in the contour. Therefore one

can complete this calculation by reversing the sign of eq. (B.3§). In the end, we obtain

sinh | — - ™) 4 (14 2cos(27/5)) sinh ™™
kC k+ k+ kC

2
+2(1 + cos(27/5)) sinh <E + anw + E) —0.
k. ko

Next, we calculate the first-order correction to the asymptotic frequencies. Again we

expand the wave function to the first order in 1/ [(ry )24 5w] (@=3)/(24-5) o

1
(g )25] (d—3)/(2d—5)

o =00 4 ol

Then one can rewrite eq. (R.33)) as
HoUW + H, 9@ = 0. (2.41)
The general solution of this equation is
v =y /0 903,00 _ cg© /0 ’ VAR AN (2.42)
The behavior as z > 1, as mentioned above, is found to be
\I/(il)(z) ~c_gcos(z —ay) —cppcos(z —a).

After defining
_d-=3
Uit = Cit {(7“0_)2#501] P up=1%a4-,

one finds that the wave function ¥(z) approaches

d—3

U(z) = VO @) + ()] T 0 ()
~ (Ajuy +A_a__)cos(z —ay)+ (A_u_+ Arayy) 003(2 —a_)

1z

= [(Asus +A_a_)e ™™™ + (A_us — Asayy)e ™| &+
[(Ajuy + A a)e™ + (A u_ — Ayayy)e™] eT

as z — OQ.

The function \If(il ) defined in (.49) follows that

‘I’(il) _ Zl:tj/Z-&-nGi(Z)’
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where n = —1/(4d — 10), and G4 (z) are even analytic functions of z. By going around an

arc of angle of 2§f5 in complex r-plane (rotating from A to the next branch), z rotates

through an angle of 27 in z-plane, leading to the wave function

.. . .. . 2nmi iz
U(z) ~ [(Ayv- — A_a__e 20m)edi0+ L (A_uy + A+a++e22]7r)e3za_] e 5 e
.. . . . 2n7i ,—1z
[(Ajv- — A_a__e ?7™)e™ ™ 4+ (A_vy + Ajaye®™)e” ]| £ ° 26 . (2.43)

as z — —oo. Here we have defined vy = e 2™ £ q, .
As one follows the contour around the inner horizon r = r_, the wave function will be
of the form

U(z—8) =00 (z—6) + {(ro_)zd_‘r’w] “its Wz —§),

where ) )
2wt W

TP k)

and k_ = % f!(r_) is the surface gravity at the inner horizon. Notice that z —§ < 0 on this

branch. As one lets z — § — —oo, the wave function becomes
i(z—9)

2
e—i(z=9)

2 )

e

U(z—6) ~ [(Byus + B_a__)e"* + (B_u_ — Bya;)e™"|

[(Byuy + B_a__)e "+ + (B_u_ — Brajy)e "]

2
Jl,(z)zwgcos<z—|—%+%>, z < —1.

Again, since on the same branch, we must let ¥(z — §) = W(e272). Then it is easily seen
from egs. (R.43) and (R.44)) that we must have

(2.44)

where we used

[(Ayv — A_a__e 20m)edi0 L (A_vy + A+a++62ijw)63io‘*} et —
[(Byuy + B_a__)e"* + (B_u_ — Biay)e" "] e %, (2.45)
[(AJFU, —A_a__e Pimedior 4 (A v, + A+a++62ijw)65io‘*} e —
[(B+u+ +B_a__)e " + (B_u_ — B+a++)efi°‘—] v, (2.46)

Finally, we should rotate to the branch containing point B. This makes z—¢ rotate through
an angle of 27, leading to the wave function
62777riei(z—6)

U(z—08) ~ [(Byv— — B_a__e ?9™)e”* + (B_vy + Biraje®™)e” ] —

. . g A 2nmi o —i(2—9)
[(Byv— — B_a__e 2% 4+ (B_vy + Biagie® ™) | %
Consequently, we have
(Byv_ — B_a__e %0m)eb+ 4 (B_vy + Biay,e*im)eda-
(Ajuy + A_a__)e "+ + (A_u_ — Aja,y)e o

627)7”‘6—1'56%4_% = M(T+)M(TC)’ (247)
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(B+’U7 _ B,a,,B_Qijﬂ—)egia+ + (B,’UJF + B+a++62ij7r)63io¢,
(Ajuy + A_a__)el+ + (A_u_ — Ajaqq)eto-

W W

2N 10 Tk TR — M )M(re).  (2.48)

The condition for these equations (R.45)-(R.4§) to have nontrivial solutions (A, A_,
By, B_) is then

8163i04+ 8763107 _S6ei(a+—6) —Sgei(a’_é)

8365i04+ S565ia’ _S2e—i(a+—6) _846—2‘(&,—6)
sze*i0‘+e_2’%cw sye—io- 6—2,%” _sgei(Pay—8) g gi(5a—0) =0.

sgeis oo sgei- oo _seiBai ) g pi(3a_+0)

where

ijm

voFagpe )™, sy =up—apqe?,

iJT g

(
(v + a++e_7)6277m, S4=uU_+a__e 2z,
(

S1
53
ijn - _ij

S5 vy —a__e2)e*™ sg=uy —a, e 2,
iJT iJT

s7=(vy —a__e 2)ePM™ sg=u_+a__e?.

After some algebra, we obtain

2
Ay cosh (_w _mw _ A1>+A2 cosh (k_w e A2> 4 As cosh (_w N W) o,
+

ky ke k- k ki = ke
(2.49)
where
Ay = [(2s1538557 — 53559 — s7s2eT™) (250545658 — sisge’” — s3sge )] 2,
Ay = [(2s3s55658 — s2s2e2m _ s%s%e_%’r) (251528487 — s3s3e2m s%s%e_%’r)] 2

Az = 5354565762J7r + 8182858867U7r — 5153545862UW _ 52555657672”7:

1 g L g L
Al = 2 [log (251535587 — 5252 — $252e 9T) —log (252545658 — s3is2e ™ — $352e “M],

1 g o
Ay = = [log (253555658 — s3s2e?™ — s2ske 2””) -

2
log (251828457 — s2s3e2U™ 5%5%672””)] .

For zeroth-order asymptotic QN frequencies, one has a+4 = 0, and hence uy = 1 and
vy = e 27" As a result, formula (R.49) reduces to (R.40).

As discussed in ref. [[[7], the Stokes lines for d = 4 and d = 5 are a bit different from the
case discussed in the previous calculation for d = 6. On account of the behavior of r ~ oo,
they found that the final result for d = 4 is the same as eq. (R.49). However, the result for
d = 5 is changed. For r ~ oo, the coefficient of e~%* in the formula of the wave function
keeps unchanged, while the coefficient of e?* in there reverses sign as one rotates from the
branch containing point B to the branch containing point A in the contour. Therefore, one
can complete this calculation by reversing the sign of eq. (R.47). In the end, we obtain

W W W 27'['(4) W W W
inh (¢ -T2 LA inh (™9 2T WA inh (™2 4T _g
Aj sin (k‘c by + 1>+A281n <k+ + o + ko + 2>+Agsm <k+ + k‘c) ,
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For d = 4 RNdS black holes, one has r¢ > ry >r_ as 0 < A < 1. As a result, one
has —k_ > ky > kc. In this case, we can neglect 1/k; and —1/k_ compared to 1/kc.
Taking eq. (R.40]) into account, one finds the asymptotic QN frequencies in this limit is the
solutions of this formula

ehc e b =0,
So, we havej‘:’—c = (2n+1)mi, where T¢ is the Hawking temperature at cosmological horizon.
However, as one lets \ approach its extremal value, i.e.,

\ 2+ 24/9 — 8¢2
- )
(3++/9 — 8¢?)3

with m = 1. [B5] showed that in this extremal case we have kg ~ k¢ — 0, while k_ does

not approach zero. So, in this limit, one can neglect the term with regard to 1/k_, and
obtain the asymptotic QN frequencies by solving this formula

o Tw

P 2
e kc +e “kFc =0,

which in turn derives % = %(Qn—{— 1)mi. This reminds us to conjecture that the frequencies

have values between these two extremal values, i.e.,

1
oo x@n+Dri+Rew, = <x<l, (2.50)
To 2

where y is a parameter closely related to the cosmological constant A. In fact, it would
be an interesting work to investigate the relationship between these two parameters, by
analytical methods or numerical ones. Re w is the real part of the frequency.

In order to obtain the explicit expressions of A1, Az, A1 and As, we need the integral

o0 [(2)[(LEetys)
dzz_2/3J,, z)J,(z) = 3 2 .
/O ( ) “( ) \?/ZF(V*H2+5/3)P(H+V2+5/3)P(H*V2+5/3)

As a result, we obtain

s1 = 1—2U(j)sinw, 52 =1+ (1 - V3)U(j)sin (5 +63j)7r,
s3 = 1+ (14 V3i)U(j)sin @7 se=1+(1—V3)U(j)sin ® —63j)7T’
s5 = 1+ (14 V3i)U(j) sin W’ s6 =1 +2U(j)sin (5 +63j)7T’
s7 = 1—2U(j)sin w, ss = 1+ 2U(j) sin ® —63j)7r,

where

W(j)L(2/3)I*(1/6)0'(1/6 +4/2)L(1/6 — j/2)
1672ry /(4n + 2)xkc
After some algebra, we obtain the explicit expressions of A1, Az, A and A, in terms of

o(1/v/n)
A1 ~ 2(1 — cos jm)[1 4 (1 + V3i))U(j) cos jm/2],

U(j) =
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Ay ~ 2(1 — cos 2j) {1 + [coszr/Q —(3/2 + ﬁz)%} U(j)} :

2 2 . _ .
As ~ 2(cos jm — cos 2jm) 4 1+ |4cos jm/2 + 2v/3i o I ONIT ) ey b
1+ 2cosjm

~ (3V/3i — 5)U(4) cos jm /2,

(2 4+ V/3i) cos jm /2 + ~—

Ag ~ j
2= U()) 2 cosjr/2

V3i  cosjm ]

For vector type perturbations, we have j = 5/3 = 2 — 1/3. Therefore, as one inserts
j =5/3 into Ay, As, A3, A; and Ag, we have exactly the same results as in the j = 1/3
case(tensor or scalar type perturbations), and consequently eq. (P.49) becomes

cosh <% — % + (5\/§/2 - 3i)U(j)>

(3v3 4 154)U(5)

3 _
2

_|_

2
cosh | = + 2 4 ™4 (VB 4+ 2i)U(j)
by ke

+[2 + (5V/3 4 30)U(4)] cosh <— + M) =0, (251
ky ko
for three type perturbations. Inserting the expressions of W (j) (see appendix []), we can
easily obtain the explicit expression of U(j). In this way, the first-order correction to
asymptotic QN frequencies of RNdS black holes can be obtained by evaluating eq. (R.51]).
The results show that the correction term is closely related to ¢, ¢, A (though the parameter
x and k¢), and of course, n.
Numerical calculation of this case has not been performed in the previous literature.
Consequently, it is interesting to perform numerical checks to our first-order corrected
results both in four and higher dimensional black hole spacetime.

2.6 The Schwarzschild anti-de Sitter case

This case was studied analytically in [R3|. Here we list their results for completeness.
Considering the behavior of the black hole singularity (r ~ 0) and large r, they obtained
the QN frequencies for all type of perturbations,

Z—E(2—|— i+ )—tan_lé—l—mr
_4 .] ]OO 1—|—2€7'.]7r 9

where joo =d—1,d — 3 and d — 5 for tensor, vector and scalar perturbations, respectively,
and Z = wr, is the integration constant of the tortoise coordinate (refer the reader to

appendix [A]).
By expanding the wave function to the first order in 1/w (d=3)/(d=2) ag

1
— M
V=" g Y

ref. 23] showed that the first-order correction to the QN frequency is
. d—3

In2 1 - —ird=3— —ird=3
Zzwf*:Z(Z—i—j—i—joo)—i——;, +nm— o |6ib — 2ie M) — 9ay + ay + ¢ T2 (ay — an)
1
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where

a0 = T [0 ()
ore) = gL [0 TN )
b(z) = ng(j) K= /OZdZ'Z' 25 2(2')Njja(z')

W (j) in these formulae is defined as

WsaasT J=Jr,
W(j) = { Wsaasy J=jv,

Wsadss J=Js,

and the explicit expressions of Wgaas, Wsaasy and Wgagss can be found in appendix [
For d = 4, one obtains

™ . .
WpTy = Z(Q + J + joo) + N7 + corry, (2.52)

where

corra = o 12872 n

mg QW) T [ 7r <%_]> _3]
X <cos % — sinj7r2> 2(1/4)T(1/4 + 5/2)T(1/4 — j/2),

and we have used the integral

> —1/2 (Q)P(—MHH/Q)
/o dzz Ju(2)Ju(z) = \/51“(” p+3 2)F(u+u+3/2) INC= V+3/2)

In this way, one can easily obtain the explicit expression of corry of eq. (2.52). [R3 have
given the explicit expressions for tensor, vector and scalar type perturbations in d = 4 case.
Moreover, they showed that their results are in good agreement with the numerical results
performed in [Bg].

2.7 The Reissner-Nordstrom anti-de Sitter case

We now compute analytically the quasinormal modes of the RN AdS d-dimensional black
hole including first-order corrections. Previous work on this case can be found in [B7-B9].
Here we start with the zeroth-order calculation. For Schwarzschild Anti-de Sitter black

hole, we have

flr)=1- jg - N, (2.53)
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with the roots

* *
T'n =T+, T-T1,T1,...,7d-3,T3—3>

where A\(< 0) is the black hole background parameter related to the cosmological constant

A by

A= %(d S 1)(d - 2)A,

and r represents the conjugate of r,,. Near the black hole singularity (r ~ 0), the tortoise
coordinate may be expanded as

dr 1 p2d-5 om 3-8

= f(r):2d—5 q? +3d—8 q* T

1
In this procedure, we have assumed = < 1, where r, = <m —/m? —q > s , represents

the inner horizon of the RN black hole Again we must expand the potential to the first
order in 1/ [(ry)?¢—5 ](d B/CA5) instead of 1/w(@=3)/(d=5)  After defining z = wr,,
the potential for the three different type perturbations can be expanded, respectively, as

(appendix [A])

E L N T

where

WeNadsT — J = JT,
W(i) = { Weanaasv=  J = jv=,
WrNadss:  J = Js*,
and the explicit expressions of WryaasT, Wrnadsy+ and Wiy agss+ can be found in

appendix [Al Then the Schrédinger-like wave equation (R.I]) with the potential (R.54) can
be depicted as

d—3
(Ho + [( ;)45 } - H1> U =0, (2.55)
where Hg and H; are defined as
d? 1 —j2 W(j) _zd=z
Moo=zt { 12 “]’ Ho=—me

Obviously, the zeroth-order wave equation can be written as
Ho¥ =0,

with solutions in the form of Bessel function

w4 w4
=4/ EJj/z(Z) + Ay 7Nj/2(2)
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T3

*
1

Figure 5: Stokes line for the Reissner-Nordstrom Anti-de Sitter black hole, along with the chosen
contour for monodromy matching, in the case of dimension d = 6 ( we refer the reader to [@] for
detail, and a more complete list of figures in dimensions d=4,d=5,d=6 and d =7).

As one lets z — 400, it behaves as

(0) —ia iy €7 ia e €7
O (2) ~ (7' —ide +)7+(e + 4+ iAe +)T
This holds at point B in figure f} Appendix [] shows that the potential for large r behaves
as ‘
Joo — 1
4(z — 2)?

where joo =d—1,d — 3 and d — 5 for tensor, vector and scalar perturbations, respectively,

and Z is the integration constant of the tortoise coordinate

B B * dr
Z=wr, =w —

o f(r)

Then the Schrodinger-like wave equation (R.1]) with this potential can be depicted as

d* Vo (2) 1—j%
dz? 4(z — 2)?

On account of the boundary condition W (2) — 0 as r — 00, one can obtain the asymptotic

+ 1} Uoo(z) = 0.

behavior of the wave function
Uoo(2) ~ g [eizeﬂ'(ﬂﬁ) + efizei(gfﬁ)} , (2.56)

where 3 = 7 (1 + j). Since on the same branch, we must let U (0)(2) = W (2), then one
finds
A=tan(z —  — ay). (2.57)
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As one rotates from the branch containing point B to the branch containing point A in the

contour, through an angle of 5 7=, 2 ~ % rotates through an angle of —m, leading to

the wave function

el iz

VO () ~ (1 id) —5—

—3ia efiz

2 )

+[1—iA (142677 £

as z — —00.
From the boundary conditions (B.3), we have

1—iA(1+427") =0.
Consequently, taking eq. (.57) into account, one obtains the QN frequencies

1 Ii

u +
14 2ewm

Z=—(2+j+ joo)—tan” nmw

W

Next, we calculate the first-order correction to the asymptotic frequencies.

expand the wave function to the first order in 1/ [(ry )2 5w] (@=3)/(24-5) o

1
(g )25] (d—3)/(2d—5)

¥ =u0 4 g

Then one can rewrite eq. (R.59) as
Hot™ + H, 0 = 0.

The general solution of this equation is

J #
\If(l)(z) _ M/ dz’\/;Nj/Q(z/)Hl\I’(o)(z/)
0

m/zNjp(2) (7
—%/0 d2' V2 Jj o (2 YH1 0O (2).

The behavior as z — 400 is found to be
iz —iz

U(2) ~ (AreT —idge i) ot (Mgl fidpel™)

Here we defined
where

and a1(z),a2(z),b(z) are defined as
W (j = —
ai(z) = L(j) [(ra)zd_‘r’w} 2 5/0 lezli%Jj/g(Z/)Jj/g(Z/),

; _4d=3 rz _
asx(z) = w [(7"0_)2&5(4)} 25 / dz'z'f%Nj/z(z/)N-/Q(z/),
0
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: _d=3 z s
bz) = T (g %] T [ N (),

This holds at point B in figure ] For the same reason have been discussed above for the
zeroth-order case, we should let ¥(z) = ¥, (z). Combining eq. (R.5§), one finds that

Ay = Ajtan(z — B — ay)

as z — 00.
Again, as one rotates from the branch containing point B to the branch containing

=T _

2d—5°
—m, leading to the wave function (as z — —o0)

point A in the contour, through an angle of z ~ 2 rotates through an angle of

wr
2d—5

iz P >, R o
\I/(O)(z) N Ce +{[1 A (1 +2€ij7r)] o= Bias +e—ia+efl7r% (B1 _ iBg)} 62 7

where

B = ~2cos % [e70ay + (A~ e70) [f—i (1 4+ 797 1] -
— Ae™ %ot [eij”ag — 4 cos? ‘%le — 2 (1 + eijw) b} ,

By =e = [e7ma; + Ab—i(1+e ") a]],

and C' is a constant that can be easily calculated but is not needed here.
Taking the boundary conditions (R.2) into account, we have

[1—iA(1+ 26””)] e 3o+ 1 eI ¢TI 50 (B1 —iB3) = 0.

Consequently, combining eq. (R.57), one obtains the QN frequencies

In2 1 - i d=3 ~ i d=3
Z=wi, = %(2+j+joo)+%+mr— < [Gib — %e” IS b — 9ay + Gy + e IS (@ — a2)]
i
For d = 4, one obtains
Fe = (24 j + joo) — tan "t ——— 4 m + (2.58)
Wnl's = J+ Joo a Ty nmw + corry, .

where

(14 VEIW ) [2m
1024m2r nw

T(2/3)1?(1/6)T(1/6 + j/2)T(1/6 — j/2),

[(5¢§+ 1)sinjn/2 — (5 — V/3) Cosj7r/2] :

1
corry = o In(cos jm/2)—
i

and we have used the integral

00 p(z)p(w)
d2272/3J,, z)J,.(z) = 3 2 .
/(; ( ) ﬂ( ) \?/ZF(V_M;E)/g)r(M+V;5/3)F(M_V;_5/3)

For d = 4, the roots of the formula f(r) = 0 can be depicted by r (the black hole outer
horizon), r_ (the black hole inner horizon), and two complex roots, r; and its complex
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conjugate . As discussed in , it is convenient to set A = —1. From (P.53), the roots
Jug 1 ’

are

1 1
re =g+ V2= g2 +4mfg).  r- =59/ -2-¢*+4m/g),

1 .1
=59+ V=2—g*—dm/g), ri=5(-g—V-2-g¢"—dm/g),

hy+h_
3v2

with g = —% + , where

W=

hy — (2 — 7262 +108m2 £ /—4(1 + 12¢2)3 + (2 — T2¢% + 108m2)2)
The integration constant in the tortoise coordinate can be then solved as

3 * dr
Ty = —
0 (r)
r2 r_ ’I“% 71 ri‘Q r]
n-L

- n — n— — .
33 +r_ — rerry T4 37“:15 +ry—ryr_ry Ty 37’1‘3 +r]—ryr_rm T4

Obviously, 7, is the formula (105) in [R3 as ¢ = 0 (or the Schwarzschild limit).

In this way, one can easily obtain the value of QN frequencies in eq. (R.58). For tensor
type perturbations, WrnaqgsT = 0, so corry = —ih}T?’. However, it seems unavailable for
scalar type perturbations, since in this case we have j — 1/3, which may induce the
integral fooo dzz_2/3J_1/3(z)J_1/3(z) approaches infinity. It is interesting to investigate
this problem. Is there any other methods can avoid this singularity? For vector type
perturbations , we have j — 5/3. This leads to

n3 (15— V3)(1 + V3i) Wiy aasv= 3/% T2(1/6),

corry = —1—— +
! 4 102477

where

4
Wayaasv+ = 5 (m £ /om? + 400+ D@ =8¢°) (1 = V1= )(3¢*)

From this formula we find: (1) in order to insure ry (4n + 2)'/3 > 1 as one calculates the
QN frequencies of the first-order correction, the imaginary part of the frequencies ( or the
modes n) needs bigger values for a black hole with small charge, since ry ~ ¢> — 0 as
q — 0. This confirms the prediction made by Neitzke in [B0]: the required n diverges as
g — 0, and the corrections would blow up this divergence; (2) the first-order correction to
the asymptotic QN frequencies are shown to be dimension dependent and related closely
to m, ¢, j, and the charge q.

QN frequencies of RN Ads black holes were first calculated numerically by Berti and
Kokkotas in [[0], in the case of d = 4. [[tI]] latter performed an extensive numerical study
of QN frequencies for massless scalar fields in d = 4 RN AdS spacetime. They find for the
higher modes, both Re w and Im w increase with n. As ¢ increases, Im w increases faster
than Re w does, with n. [[[7] matched these predictions to their zeroth-order analytical
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formula of the asymptotic QN frequency. Their results are complete agreement with the
numerical calculations of [[H]. In our first-order corrected formula, the frequencies can be
obtained by subtracting z'lnT?’ from their results. This leads, obviously, to the same gap of w
as [l7) does. Although more complete numerical results are needed to check our analytical
results in higher dimensional cases, our results are in good agreement with the numerical
results in the particular case of d = 4.

3. Conclusions and future directions

In this paper we studied analytically quasinormal modes in a wide variety of black hole
spacetimes, including d-dimensional asymptotically flat spacetimes and non-asymptotically
flat spacetimes. We extend the procedure of [[7] to include first-order corrections to an-
alytical expressions for QN frequencies by making use of a monodromy technique, which
was first introduced in [ for zeroth-order approximation, and later extended to first-
order for Schwarzschild black hole in [ The calculation performed in this paper shows
that systematic expansions for uncharged black holes include different corrections with the
ones for charged black holes. In other words, d-dimensional uncharged black holes have an
expansion including corrections in 1 /w(d*2)/ (@=3) while charged ones have an expansion in
1/w(4=3)/(2d=5) " This difference makes them have a different n-dependence relation in the
first-order correction formulae.

The method applied above in calculating the first-order corrections of QN frequencies
seems to be unavailable for black holes with small charge, since the required n diverges as
the charge ¢ — 0, and worse, the corrections would blow this divergence up. More extensive
investigation is needed for this problem. A very recent work on RN black holes appeared
in [I7, where they discussed a possible way to avoid this divergence for zeroth-order case
in the small charge limit.

Some remarks are due for the particular case of d = 4 dimensional spacetimes, as
in these cases we discussed more deeply. For Schwarzschild case, we obtained a j and /-
dependence correction term, which was proved by numerical results. For RN case, a puzzle
appears when we apply our method to calculate the first-order corrections of the scalar type
perturbations, since the correction in this case approaches infinity. In fact, this problem
also exists in other four dimensional charged black holes. Strangely enough, extremal RN
black hole can avoid this problem. Moreover, it seems that the correction term equals to
zero, independently of the type perturbations. An investigation on whether the first-order
corrections for any d > 3 extremal RN black holes have this behavior, should be further
performed. Another point worthy of being mentioned about RN case is that the extremal
limits (¢ — 0, or ¢ — m) of the RN QN frequencies do not yield the right QN frequencies
in their extremal cases (Schwarzschild QN frequencies, or extremal RN QN frequencies).
Our results show that the same thing happens in the first-order corrections. [i3] found that
the limit is a singular one since it involves topology change at the level of the contours in
the complex plane.

On the applications to quantum gravity [[[7] indicate that the In3 in d = 4 Schwarz-
schild seems to be nothing but some numerical coincidences. Our results support this
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argument. However, a recent paper on quantization of charged black holes [i4] found that
other than the Schwarzschild case, the asymptotic resonance corrgoesponds to a fundamen-
tal area unit AA = 4hln 2. According to Dreyer’s conjecture [[L3], one can immediately set
the spin network unit as 1/2, i.e., jmin = 1/2. This differs from j;, = 1 for Schwarzschild
case. From the LQG point of view, this result supports the claims [[[4] that the gauge
group of LQG should be SU(2) in spite of the In3 for Schwarzschild. Is there any other
explanation of that? Or more generally, can we find other similar proof to support Dreyer’s
conjecture for other spacetimes?

There are some other possible directions for further study: (1) perform some numerical
calculations to check our analytical solutions done above; (2) make sure if it is possible
to have such an easy relation between the asymptotic QN frequencies and the overtone
modes n as suggested in the asymptotically dS cases(P.30) and (R.50), or more deeply,
find the possible relation between x and A\ and a possible explanation of that; (3) find an
explanation of our correction results on the physical side.
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A. The expanded master equation potentials

In this appendix we shall deduce the expressions of the potentials in Schrodinger-like equa-
tion (R.1]). Natdrio and Schiappa [[L7] have deduced the value of the potentials in the region
of large r. For completeness, we may list them in this appendix. Our work focuses on the
region of the origin, which plays an key role in our procedure to calculate the first-order
correction of the asymptotic QN frequencies using monodromy method.

We start with a set of potentials determined by the type of perturbations and can
be deduced from a set of master equations which were derived by Ishibashi and Kodama
in P4-Rg (can be denoted as the Ishibashi-Kodama master equations). Making use of
these potentials, we make an exhaustive study of the first-order values of all these potentials
in terms of the tortoise coordinate. The zeroth-order values of these potentials can be found
in [[[7]. For tensor, vector and scalar perturbations, we obtain, respectively,

Vi(r) = f(r) (6 Erd-3 @ DU, L2 '“”)) S

— — — r —1)m —2)2 2
Ve (r) = £0) (““;f D, AU Wolm WD, 20,
(A.2)
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where

A= \/(d_1)2(d—3)2m2+2(d_2) (d—3) (£(£+d—3) _ (d—2)>q2. (A.3)
Vs (r) = &727?2;(8- (A.4)

The expressions of Uy and Hy can be found in [[[7]. In these expressions, the ¥ equation
represents the electromagnetic mode and the W_ equation represents the gravitational

mode.

The Schwarzschild case: In this case, the black hole is uncharged, so one has Vy+ =
Vy- and Vg+ = Vs—. For convenience, we denote them by Vi, and Vs, respectively. The
background space-time metric is

Near the black hole singularity (r ~ 0), the tortoise coordinate can be expanded as

dr 1 rd2 1 25 .
= - _ _ e
(r) d—22m  2d—5(2m)?

where we have kept the second term in the expansion of r and have chosen the integration
constant so that r, = 0 at r = 0. Using this formula, one may obtain an approximate

expression of r in terms of the tortoise coordinate r,
(d—2)r.
2d -5

As one applies ([A.H) to the three different potentials (eqs. (A1), (A.2) and (A.4))), these po-
tentials can be expanded near the black hole singularity in terms of the tortoise coordinate,

r~ [=2m(d — 2)r,) 77 + (A.5)

respectively, as

10 9 2\
Velr) ~ g3 1= 0= Wor ()
W) ~ ——— (12922 —w (3)%
% 2 | sV
Vo) ~ —— [1—02—w (3)33
S 4.2 i SS w s
where
1 [2(d —3)2  4(l+d—3
Wsr = - (2d—5 * (d—2 W’
[—2(d — 2)m] a2 L
1 [2(d®> —8d+13) 4l({+d—3
Wsy = T ( p )+ (d )],
[—2(d — 2)m] 72 L 2d — 15 -2
- 1 [2d3 — 24d% + 94d — 116
SS =
[~2(d—2)m]i= L (2d=5)(d—=2)
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4(d?* —7d +14)[l({ +d — 3) — d + 2]
(d—1)(d — 2)2 ’

and we have rescaled the tortoise coordinate z = wr..
Near r = oo one has

VT(T) ~ 07
Vv('l“) ~ 0,
Vs(r) ~ 0.

The RN case: The background space-time metric is

2m q?

1= 4
f(r) =3 T 246

Near the black hole singularity (r ~ 0), the tortoise coordinate can be expanded as

dr 1 p2d-5 om 3-8

=) T 2d=5 @ T 3d=8

where we have kept the second term in the expansion of r and have chosen the integration
constant so that 7, = 0 at r = 0, and we have assumed r/r; < 1. Using this formula, one
may obtain an approximate expression of r in terms of the tortoise coordinate r,

)d—3

r . 1 2m(ry
o~ 2d _ 5 2 5—2d N 2d—5 #
7“6 [( )q (TO ) T ] (3d _ 8)q2

As one applies (A.0) to the five different potentials (eqs. (A1), (A.2) and (A4])), these po-
tentials can be expanded near the black hole singularity in terms of the tortoise coordinate,
respectively, as

[(2d — 5)¢*(ry > *Ir, 355, (A.6)

r d—3
1 z 2d—5
Vi(r) ~ ——— [1 =3 - W —
T(r) 1,2 Jr RNT <(r0_)2d—5w> ]
1 - d—3
2 2 2d—5
Wlr) ~ =gz |1 = dve = Wrav <<>7w) ]
- d—3
1 z 2d—5
Vs (r) ~ =15 |1 = Js= — Wans+ <( _)Qd_%) ] ;
where
.. d-3 . _3d—7_2 .
]T_JSi_Qd—E)’ JVi_Qd—5_ JT

and we have rescaled the tortoise coordinate z = wr,. The expressions of Wrnr, Wryy+
and Wxyg+ in these equations are

WgenT = 0,

Wows = 4m(d — 2)(d® — CEQ_d 4_) 5—) (43<3d_ —8 )8)[(d —mF A (rs Y5 [(2d = 5)¢?] 2

)
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7—3d

Wryst = —[2m(d — 2)(4d — 10)g* + W (rg )" [(2d — 5)¢*] > ,
where

Wy = —mg*[—(d —1)(3d — 8)(1 — Q) + 2(4d? — 15d + 12)] — 2(d — 2)(3d — 8)mq* —
4(3d — 8)[((f +d — 3) — (d — 2)]¢*
d—1)(1—-Qm ’
W_ = —mg*[(d — 1)(3d — 8)(1 — Q) + 2(d — 2)?] — 2(d — 2)(3d — 8)mq* —
4(3d — 8)[((t +d — 3) — (d — 2)]¢*
a (d—1)(1+Q)m ’

with the definition, here and below, that

A[0(C+d—3) — d+ 2)q?
S ST

For the extremal case, ¢ — m, we have

_ L
Velr) ~ — gz |13 - Wik (2)*]

(S

1T ) 2\ =2
W (r) ~ 1z 1 —]‘Z/i — WEiNv+ (;)2 ]

1T ) ox 2\ =2
Vs;t(’l") ~ —@ 1 —]gﬂ;t - RNS* (;) 2 5:| 5
where
WE?VT = 07
4m(d —2)(d* —d — 4) — 4(3d — 8)[(d — 1)m F A%*] g 2=
v = 2d — 5)m?] %45 |
RNV* (2d — 5)(3d — 8) I ym’]
st =0,
and

A% = \/(d—1)2(d—3)2+2(d—2)(d—3) <€(€+d—3)—(d—2)>m.
Near r = oo one finds
Vr(r) ~ 0,
VV(T) ~ 07
Vs(r) ~ 0.
The Schwarzschild dS case: In this case, the black hole is uncharged, so one has

W+ = Vy- and Vg+ = V5-. For convenience, we denote them by Vy and Vs, respectively.
The background space-time metric is
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with A > 0. Near the black hole singularity (r ~ 0), the tortoise coordinate can be expanded

as
dr 1 rd2 1 p2d-5

) Fr) T d—22m  2d—5(2m)?

where we have kept the second term in the expansion of r and have chosen the integration

Ty _i_’

constant so that r, = 0 at » = 0. Using this formula, one may obtain an approximate
expression of r in terms of the tortoise coordinate r,
a1 (d—2)r,
~ [=2m(d — 2)r,| 42 + ————.
r~ [2m(d - 27T + S

As one applies ([A.7) to the three different potentials (eqs. (A.1), (A.2) and (A.4)), these po-
tentials can be expanded near the black hole singularity in terms of the tortoise coordinate,

(A7)

respectively, as

B

w

Vr(r) ~ —é 1—0% — Wsasr (5) -
10 9 Z\ 55
W(r) ~ — 5z |12~ Weasy (;)
10 9 2\ 0%
Vs(r) ~ == |1 = 0"~ Wasass (5) ;
where
Wessr — 1 - 2(d — 3)? +4£(£+d—3)} ’
[—2(d — 2)m]a—= L 2d —5 d—2
Wegsy — 1 1 [2(d? —8d +13) 40({+d— 3)] 7
[—2(d — 2)m] 7= L 2d — 15 d—2
Weuss — 1 1 [2d3 — 24d? + 94d — 116
[—2(d —2)m]7—= L (2d=5)(d-2)
4(d® — 7d + 14)[((£ + d — 3) —d+2]}
(d—1)(d — 2)? ’

and we have rescaled the tortoise coordinate z = wr,. It is easily seen that this is just like
in the pure Schwarzschild case.

[] l/ﬁ_—_Fi
el N o2 T

d(d —2) w[(d—1)? — 1]

Near r = oco one finds

which leads to

Vi)~ o s T A=
(d=2)(d—4)  wld—3)2-1]

WO~ e T AT
(d—=4)(d—-6) w[(d~-5)*—1]

JECLC i e i T P R

as one defines z = wry, and z = wr,.
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The RN dS case: The background space-time metric is

2m ¢ 9
=1— ——+ 55— — Ar7,
f(r) a3 T ade AT
with A > 0. Near the black hole singularity (r ~ 0), the tortoise coordinate can be expanded

as
dr 1 p2d-5 om 3-8

=) 70 T 2d=5 £ T3d-8 &

where we have kept the second term in the expansion of r and have chosen the inte-

I N

gration constant so that r, = 0 at » = 0, and we have assumed r/ry < 1 (7, =

1
<m —/m? — q2> ‘% represents the inner horizon of the RN black hole). Using this for-
mula, one may obtain an approximate expression of r in terms of the tortoise coordinate r

— ~ [(2d - 5)gA(rg )X, 7 — [(2d = 5)q? (1 ) 2r. 35, (A.8)

0 (3d — 8)q?

As one applies (A.§) to the five different potentials (eqs. (A1), (A:2) and (A4))), these po-

tentials can be expanded near the black hole singularity in terms of the tortoise coordinate,

respectively, as

V- ! -1 7 =W ; -
T~ g |V Wit <W>
1 : d—3
5 z 2d—5
1 : =
z 2d—-5
o (1) e Js+ — WRNass* <(TO—)2d—5w> ] ;
where
. d-3 ) _3d—7_2 .
]T—]Si_2d_5’ ]Vi_Zd—E)_ o
and we have rescaled the tortoise coordinate z = wr,. The expression of WgrnasT,

Wenasy+ and Wingss+ in these equations are

WerNasT = 0,

m(d — 2 _ 7.4 _ _ 1\ -
Wingeys — 2mtd=2)d cz2d4_> - é(jd_ 8)8)[(d DmE AL (15 [(0g _ 5)g2] 5%
Wrnasst = —[2m(d — 2)(4d — 10)¢* + W](rg )" [(2d — 5)¢°] ST :

where

Wy = —m@?[—(d — 1)(3d — 8)(1 — Q) + 2(4d? — 15d + 12)] — 2(d — 2)(3d — 8)mq* —
4(3d — 8)[((f +d — 3) — (d — 2)]¢*
(d—1)(1 —Q)m ’
W_ = —mg*[(d — 1)(3d — 8)(1 — Q) + 2(d — 2)?] — 2(d — 2)(3d — 8)mq® —
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4(3d — 8)[{(4 +d — 3) — (d — 2)]q*
B (d—1)(1+Q)m

This is just like the pure RN case.
Near r = 0o one finds

which leads to

Vr(r) ~ d(d —2) :w[(d—l)f—l],

A1, — 74)? 4(z — 2)?
VV(T) ~ (d4(rf)_(c,lf*)24) = [(Z(Z 3)2)2 1]5
d—4)(d— wl(d —5)? —
VS(T) ~ (4(’1“* )_( »,7*)26) = [(4(2 E)Z)Q 1]5

as one defines z = wr, and z = wf,.

The Schwarzschild AdS case: In this case, the black hole is uncharged, so one has
Vu+ = W- and Vg+ = V5-. For convenience, we denote them by Vi, and Vs, respectively.

The background space-time metric is

with A < 0. Near the black hole singularity (r ~ 0), the tortoise coordinate can be expanded

as
dr 1 rd2 1 p2d-5

=) 7 T Td—22m 2d—s@mE

where we have kept the second term in the expansion of r and have chosen the integration

Tx

constant so that r, = 0 at » = 0. Using this formula, one may obtain an approximate
expression of r in terms of the tortoise coordinate r,
1 (d—2)r
r~[=2m(d — 2)r,|d2 + ————.
[~2m(d - 2)r) 77 + 2

As one applies ([A.9) to the three different potentials (eqs. (A1), (A.2) and (A-4))), these po-

tentials can be expanded near the black hole singularity in terms of the tortoise coordinate,

(A.9)

respectively, as

1T 9 2\ =2
Vr(r) ~ ) _1 — 0% — Wsaast (;)
1 T 2\ =3
_— J— 2 — J— -
W(r) 120 _1 27 — Wgaasv (w)
1 T 2\ =3
g ()
Vs(r) 7| 0% — Wsadss " )
where
1 2(d—3)2 4(t+d-3
WsaasT = 1[(2d 5)-1- (d 2 q,
[—2(d — 2)m] -2 - -
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2
Wsadasv =

2 _ 84+ 13) 4£(€+d—3)]
=y :

2d — 15 + d—2

- B 2d° 24d2+94d—116
(d —7d+14[ (£ 4d— 3) d+2]}
(d—1)(d—2)? ’

and we have rescaled the tortoise coordinate z = wr,. It is easily seen that this is just like
in the pure Schwarzschild case.

1 dr 1
P II AT T

d(d —2) w[(d—1)? — 1]

Near r = oo one finds

<

which leads to

O~ SR T A -2
d—2)(d—4) w[(d-3)?-1

() ~ Y =
(d—4)(d—6) wl(d—5)*—1]

S R Teay T

as one defines z = wr, and z = wf,.

The RN AdS case: The background space-time metric is

2m ¢ 2
fr)=1- 7d—3 + 72d—6 AT,

with A < 0. Near the black hole singularity (r ~ 0), the tortoise coordinate can be expanded

as
dr 1 p2d-5 . om 3-8 .
r, = _ el
f(r) 2d-5 ¢? 3d—8 q*

where we have kept the second term in the expansion of r and have chosen the inte-

gration constant so that r, = 0 at r = 0, and we have assumed r/ry < 1 (7, =

1
<m —/m? - q2> s represents the inner horizon of the RN black hole). Using this for-
mula, one may obtain an approximate expression of r in terms of the tortoise coordinate

T

r 5-2d 15— 2m(rg )*° 5-2d, 142
= ~ [(2d = 5)¢*(rg )>*r.] (34— 8)° [(2d = 5)¢*(r )°~**r.] 205, (A.10)
0

As one applies (A.10) to the five different potentials (egs. (A.T]), (A.2) and (A.4))), these po-

tentials can be expanded near the black hole singularity in terms of the tortoise coordinate,
respectively, as

1 9 z 262135
Vr(r) ~ ) 1 —j7 — WrNadsT <m>
0
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1 2 2%[—3
W (r) ~ =5 |1 = Jve = Wryaasv= )25
0

1 9 z 505
Vs (r) ~ L2 1—J5+ = WgrNadss | —5— ,

(5 P15
where
.. d-3 ) _3d—7_2_.
]T_.]Si_2d_57 JVi_Qd_E)_ JT,
and we have rescaled the tortoise coordinate z = wr,. The expression of Wiy adsT,

Wenadsv+ and Wgry 4455+ in these equations are

WrNadsT = 0,

m(d — 2 _J_4) _ _ O -
WRNAdSVi — 4 (d 2)(d Cz2d4_) 5)(42(361 8)8)[(d 1) + A] (To—)dffi [(Qd _ 5)q2] 5d—5 :
Winass = —[2m(d = 2)(4d = 10)g* + Wa](ry )"~ [(2d - 5)¢?] 70
where

Wy = —mg*[—(d —1)(3d — 8)(1 — Q) + 2(4d? — 15d + 12)] — 2(d — 2)(3d — 8)mq* —
4(3d — 8)[((4 +d — 3) — (d — 2)]¢*
(d—1)(1—Q)m ’
W_ = —mg*[(d — 1)(3d — 8)(1 — Q) + 2(d — 2)?] — 2(d — 2)(3d — 8)mq* —
4(3d — 8)[((f +d — 3) — (d — 2)]¢*
a (d—1)1+Q)m

This is just like the pure RN case.
Near r = oo one finds

1 dr 1
S PP A e

which leads to

d(d —2) w[(d—1)? — 1]

O R T Ao
(d=2)(d—4)  wl(d—3)2-1]

W~ S e T A=
(d—4)(d—6)  w[(d—5)2—1]

)~ o T T ae—E

as one defines z = wry, and z = wr,.
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